I
N March, 1899, the writer came upon an unsatisfactory treatment of this problem in reading a well-known treatise upon Elasticity and the Strength of Materials.. The unsatisfactory character of the treatment was due, in part, to unavoidable brevity and in part to what seemed to be erroneous statements concerning the relation of the formulas of Lame, of Clavarino, and of Birnie, which formulas have been used in the designing of guns. The present writer, having some interest in the problem, worked it out in full as outlined below. The result of this solution is a pair of formulas (one for stresses the other for strains) which include the three above mentioned formulas as special cases. There is no reason to believe, however, that there is anything new in this present solution, although the solution given in Lame's " Legons sur la Theorie Mathematique de V Elasticite des Corps Sclides " is extremely brief, and no helpful references could be found in the TodhunterPearson History, FUNDAMENTAL EQUATIONS. Let P 9 Q and R be the principal pulls of the stress at a given point in the elastic cylinder and let p, q and r be the principal stretches of the strain at the same point. Then for any isotropic substance which conforms to Hooke's Law we have :
in which a and b are constants. A long tube of inside radius p { and outside radius p u is subjected to an internal pressure P' t an external pressure P n and a total end thrust T. The elastic constants a and b of the material are given and it is required to determine the stress and strain at each point throughout the material.
GENERAL CONSIDERATIONS AND NOTATION.
The principal axes of the stress (and strain) are, at each point, in the directioit of the radius of the cylinder, in the direction of the axis of the cylinder, and tangential {perpendicular to the first two) respectively. This is evident from considerations of symmetry, the tube being endless.
Consider an element of the material of the tube, distant x from the axis of the tube. Let P be the radial pull (force per unit area), Q the longitudinal pull, and R the tangential pull at the element ; and let /, q, and r be the corresponding stretches at the element. It is evident that every portion of the tube is equally elongated so that q has the same value throughout the material of the tube. Considerations of symmetry show that p y r, P and R are the same all along the tube at a given distance from the axis, that is they are functions of x alone. It will appear later that Q has the some value throughout the material of the tube.
BASIS OF SOLUTION.
The problem is to be solved with the help of the equations (1), (2) and (3), using the conditions of internal equilibrium, the condition of continuity of strain (and stress), and the boundary conditions which arise from prescribed external and internal pressure and prescribed total end thrust.
THE CONDITION OF EQUILIBRIUM. At the inner surface of the tube the radial pull P is equal to the inside pressure P l and at the outer surface of the tube the radial pull Pis equal to the outside pressure P n .
The condition of equilibrium (internal) gives
Remark : Considered as pulls P f andP" are of course negative,
The distribution of the end thrust over the section of the tube (value of Q at each point) will be determined later. This determination is subject to the condition of a prescribed total end thrust 7. The relation between T and Q is :
Then from equation (4) dx Substituting these values of P and R and the value of p from equation (5) in equations (1), (2) and (3), we have :
Substituting the value of Q from (8) in (6) we have after reducing fdibrx*) r ?<< 1 -27T i --j--• dx + 271 I aqxdx or, since b, a and q are constant :
in which p u and p t are the outer and inner radii of the tube, and r n and r are the values of the stretch r (circumferential) at outside and inside of tube respectively. Remark : Equation (10) shows that the length of the tube will change (q other than zero) when T is zero. (7), (8), AND (9), ETC.
SOLUTION OF EQUATIONS
Differentiating equation (7) with respect to x and substituting the dY. resulting value of -7-in equation (9) (12), (13) and (14) contain the general solution of our problem (since P, Q and R are given by equations (1), (2) and (3) in terms of p, q and r) and it only remains to determine the constants C and C ,f . For this purpose we need to substitute r, p and q from (12), (13) and (14) in (1). The resulting expression for P is general. In this expression put P= P f and x= p { and then put P= P n and x = p jr The two equations thus obtained may be solved for C f and C n .
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